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1. Motivation of perturbation analysis

Setting

® is a Poisson process on some measurable space (X, X') with
intensity measure A. This process can be interpreted as a
random element in the space N of all integer-valued o-finite
measures on X, equipped with the usual (product) o-field. By
definition ¢ has the following two properties:

m The random variables ®(By), ..., ®(Bp) are stochastically
independent whenever By, . .., By are measurable and
pairwise disjoint.

|

A(B)K
Ki

P(®(B) = k) = exp[-A(B)], k€N, Be X,

where oofe=> := 0 for all k € Np.
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Objective of perturbation analysis

m Let ® be a Poisson process whose intensity measure \y
depends on a parameter 6 € R. For instance we might
have \g = A9 ® Q, where 6 > 0, \? is Lebesgue measure
and Q is a probability measure on the (mark) space Y.

m Consider a function f(®) of (the sample path) ¢ and derive
a formula for the derivative

d
5B f(®).

m Use Monte-Carlo integration to estimate the derivative.
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2. Fock space representation

Definition

For n € N let H,, be the space of symmetric functions in L2(\"),
and let Hy := R. The Fock space H associated with ® (or \) is
the direct sum of the spaces H,, n > 0, equipped with the
scalar product

=1
Z ﬁ fn;gn f: (fn)7g = (gn) S H7
n=0 "

where (-, -),, is the scalar product in L2(\"). This is a Hilbert

space.

Giinter Last Fock space representation and perturbation analysis of Poisson functionals



Definition (Difference operator)

For a measurable function f : N — R and x € X we define a
function Dxf : N — R by

Dy f(p) == f(p + 0x) — f().-

For x1,...,x, € X we define D}, f: N — R inductively by
D),(71,~~-,an o= D;I(1 D),(727,~1~-,an7

where D' := D and D°f = f.

Lemma
For any f € L?(Pg)

Tnf(X‘] g e ,Xn) = ]:ED)I(:’“"an(q))7

defines a function T,f € Hj,.
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Theorem (L. and Penrose ’11)

Letf,g € L?(Ps). Then

o0

Ef(®)g(®) = (Ef(®))(Eg(®)) + ) %<Tnf, Thg)n-
n=1 "

That is,

Ef(®)g(®) = (Tf, Tgn,
where Tf := (T,f) and Tg := (T»9).
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Sketch of proof: Consider functions of the special form

f(p) = exp[—p(v)],  g(n) = exp[—p(w)]

where v, w : X — R, vanishes outside a set in the system A}
of all measurable B € & having A\(B) < oo. Then

D"f(u) = exp[—p(v)](e™" — 1)*",
and the formula for the characteristic functional of ® implies
Tof = exp[-\(1 — e V)](e™" — 1)®".

In particular T,f € H,, n > 0.
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On the one hand we have

Ef(n)g(n) = Eexp[—n(v + w)] = exp[-A(1 — e~ (“")].
On the other hand,

il] Tof, Tag)n = exp[-A\(1 — e ")] exp[—A(1 — e~ )] x

<3 Lae - e — 1y
n=0 "

—exp[-A(2-e " —e ") exp[r(e”" —1)(e™" —1))]
= exp[-A(1 — e~ ")),
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The proof can now be accomplished as follows:
m The set G of all linear combinations of functions of the
above type is dense in L2(P,).

m Use Hilbert space and completeness arguments to extend
the result from G to L2(P,)).
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3. Absolute continuity of Poisson processes

For any o-finite measure \ on X let P, be a probability measure
governing a Poisson process ¢ with intensity measure \.

Theorem

Let v, p be finite measures with v < p and let h be the density.
ThenP,(® € dp) = L, ,(¢)P,(® € dy), where

Lup(p) == Hep(X) < co}e?X)=X) TT h(y)ot/t.
yesupp ¢
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Theorem

Letv, p be o-finite measures with v < p and let h be the
density. ThenP,(¢ € -) < P (¥ € ) if

/(ﬁz—1)2dp<oo.

Otherwise P, (¢ € -) andP,(® € -) are mutually singular.

Idea of the proof:
m If » and )\ are finite measures, then

Eq/L,,(®) = exp [— ;/(\fh— 1)2dp).
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m Take a measurable partition Cp,, n € N, of X with
v(Cp) < oo and p(Cp) < co. Then

P,(®c, € dp) = La(¢)P,(Pc, € dp),

where the function L, satisfies
1
E,\/Ln(®) = exp [— 2/0 (Vh—=1)2dp|.

m By Kakutani’s (1948) dichotomy, P,,(® € -) < P,(® € -) if
and only if

ﬁ E,\/Ln(®) > 0.
n=1
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If [(h—1)2dp < co then [(vVh—1)? < co. In this case the
density L, , of P,(® € -) w.r.t. IP’ ( € -) satisfies

E, L, ,(®)? < oo.
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4. Perturbation analysis

Theorem (Finite perturbations, Molchanov and Zuyev '00)

Assume that 1 is a finite measure and let f : N — R be such
thatEy,|f(®)| < co. Then

Bxeuf(®) = EAf(®)+ Y o [(BADE, o fO(d(x, .. )
n=1 "

where all expectations exist and the series converges
absolutely.
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Theorem (General perturbations)

Let \ and v be two o-finite measures on X and p a o-finite
measure dominating A + v. Assume that

/(1 ~ hy)2dp + /(1 _ h,)2dp < oo,

where hy := d\/dp and h, := dv/dp. Letf: N — R be such
that E,f($)? < co. Then

E,f(®) = E\f()

+2 o3 @D, f@)w = N)(d0s ... x0)

where all integrals exist and the series converges absolutely.
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ldea of the proof

m The right-hand side of the asserted equation equals
= 1
> o [ Bl ®)DF, o FO) = A1, 30))
n=0 "

where Py(® € dp) = L ,(¢)P,(P € dyp).
m Treat E,L) ,(®)Dg, . f(®) using the Fock space
representatlon and the identity

k

EpD5, i Lao(®) =T [(m(x) —1).
i=1
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Corollary

Letv = vy + v» be the Lebesgue decomposition of v with
respect to A. Hence vy < X andvo L \. Assume that

/(1 — vy JAN)RAA + va(X) < oo.

Letf: N — R be such that Ey,,f($)? < co Then the
variational formula holds.

Corollary

Let A\ = A\ + X2 be the Lebesgue decomposition of A with
respect to v and assume that

/(1 — d)\i/dv)?dy + Xa(X) < 0.

Letf: N — R be such that E, ,f($)? < co. Then the
variational formula holds.
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Theorem

Let Cq, Co be disjoint measurable sets such that A and v are
equivalent on Cy and orthgonal on C,. If the variational formula
holds for all bounded functions f then

/C (1 — /A JaN2dA + A(Ca) + 1(Ca) < 00 (1)

In this case the distributions Px(®¢, € -) andP,(®¢, € -) are
equivalent.

Remark

If the density in (1) or its inverse is bounded on Cy then (1) is
also sufficient for the variational formula to hold for all bounded
measurable functions f.
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5. Derivatives

Theorem

Let A and v be as above and let f : N — R be a measurable
function such that E,f(®)? < co. Then

Extt(w—nf(®) = Exf(®)
+) ;nn / (BADS, o f(®)(r — N)"(d(x1, ..., Xn)),
n=1 "

where the series converges absolutely for all t € [0, 1].
Moreover,

d

BN (®) =[x Def(@)( = N)(@0).
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Theorem (Margulis-Russo type formula, Decreusefond ’98)

Assume that [ *d\ < co. Let | C R be an interval with
non-empty interior and 6g € I. Forany 6 € | let Ry : X — R be a
measurable function such that the following assumptions are
satisfied:

m Foralld e l,1+(0—6p)(h+ Ry) >0 \a.e.
| |im9ﬁ90fﬂgd)\ =0.
For 6 € I, let \y denote the measure with density

1+ (0 —6p)(h+ Ry) with respectto \. Letf: N — R be a
measurable function such that Eyf()? < co. Then

;’QEAJ@)‘H:% - / (ExDy F()) h(x)A(dX).
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6. Perturbation analysis of Lévy processes

Definition

A Lévy process (X;)>o is @ R9-valued process with Xy = 0 and
independent and stationary increments that is right-continuous
and has left-hand limits.

Definition
A Lévy measure is a measure on R? with v({0}) = 0, and

/(yx|2 A 1)w(dx) < co.
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Theorem (Lévy-Khinchin representation)

A Lévy process (X;)t>0 can be represented as

X; =bt + 0By + / ®(ds, dx) — dsv(dx))
[x]<1

+/ /XCD(O'S, dx),
[x|>1J0

where b € RY, o is a d x d-matrix, (By)>o is a Brownian motion
inRY, and ® is a Poisson process on [0, cc) x RY with intensity
measure A\ ® v, independent of (B;).

Setting

We fix a rcll process X = (X;)~0 and o > 0, and let P, , denote
a probability measure such that P, , (X € -) is the distribution of
a Lévy process with characteristic triplet (oo, b, v).
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Let D denote the space of all R%-valued rcll functions on [0, co)
equipped with the product o-field.

Definition (Difference operator)

For w € D and (t;, x1) € [0,00) x RY define w1 € D by
th1 "= wy +1{t > t;} x4. For any measurable f : D — R the

measurable function Ay, x, f : D — R is defined by
A1‘1,X1f(W) = f(Wt17X1)_f(W)a w e D.

Similarly as before one can iterate this definition to obtain, for
(t1, X1, ..., tn, Xn) € ([0, 00) x RY)" a function
AZ’ f:D—R.

X1 7~~~:tn7Xn
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Setting

We consider three Lévy measures v, v/, v* such that v and v/
are absolutely continuous with respect to v* with densities g,
and g,/, respectively, that satisfy

Ja-ara+ [(1-g s <. @
We also consider b, t/, b* € R? such that

b:b*+/1{|x| <1}x(v — v*)(dx), 3)

b =b"+ /1{|x\ < 1}x(v — v*)(dx). (4)
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Theorem

Assume that (2)-(4) hold. Letf: D — R be measurable and
assume that f(w) depends only on the restriction of w € D to
some finite interval. If Ep. ,-f(X)? < oo, then

Eg , f(X) =Ep, f(X)

+2 o [EeuA"00) G — 9)7"d( © V')

where E;, , A"f(X) denotes the function (t, X1, . .., th, Xp) —
Ep, Af f(X).

t1 »X1 7"'7t’77Xn
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Setting

Consider a Lévy measure v and a measurable function
g : R — R such that

/g(X)zu(dX) < 0.

Let / C R be an interval with non-empty interior and 6y € I. For
0 € llet Ry : RY — [0, 00) be a measurable function such that:

(i) Foralld € I,1+ (0 —6p)(g + Ry) > 0 v-a.e.
(i) [(|x] A 1)]Re(x)|v(dx) < .
(iii) limg_q, [ R2dv = 0.
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Theorem

For 6 € 1, let vy denote the measure with density
1+ (0 —6p)(g + Ry) with respecttov. Let b € R and define

by :=b+ (60— 00)/1{|x| < 1}x(g(x) + Ro(x))v(dx), 6 € .

Letf: D — R be a measurable function with finite support such
that Ep, ,f(X)? < co. Then

O‘I”GE,,B,VG fx),_, = / / (Eb, Arxf(X))g(x)dtr(a).
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